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§0. Preliminaries 

For a locally convex vector space (l.c.v.s.) E and an (absolutely convex) neighborhood 
V of zero, a bounded subset A of i? is said to be V -deniable (respectively, V -f-dentahle) 
if for any e > there exists an x G A so that 

X ^co{A\{x + eV)) 

(respectively, so that 

X ^co {A \ {x + eV))). 

Here, "co"" denotes the closure in E of the convex hull of a set. 

We present a theorem which says that for a wide class of bounded subsets B of locally 
convex vector spaces the following is true: 

{V) every subset of B is F-dentable if and only if every subset of B is F-f-dentable. 

The proof is purely geometrical and independent of any related facts. 

As a consequence (in the particular case where B is complete convex bounded metriz- 
able subset of a l.c.v.s.), we obtain a positive solution to a 1978-hypothesis of an Amer- 
ican mathematician Elias Saab (see p. 290 in "On the Radon-Nikodym property in a 
class of locally convex spaces". Pacific J. Math. 75, No. 1, 1978, 281-291). 



§1. A PROPOSITION 

Proposition.. Let B he a hounded sequentially complete convex metrizahle suhset of 
a locally convex vector space E, V is a neighhorhood of zero in E. The following are 
equivalent: 

1) .B is subset V -dentahle^ ; 

2) .B is subset V -f-dentahle. 
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Proof. Clearly, 1) =^ 2). Let d be a metric in B which gives the topology on B, 
induced from E. For x E B, denote by De{x) the e-ball in B with a center at x. We 
may and do assume that V is absolutely convex. 

Given 2), suppose that there is a subset K d B, which is not F-dentable, i.e. there 
exists an £ > such that x e cg{K \ {2eV + x)) for all x e K. Put (for a later use) 
k{i, 0) = if z = 1, 2, Fix xqi e K and take xij e K {j = 1,2, . . . , k{0, 1)) such that 

xij ^ Xqi + 2eV, i.e. xij — xqi ^ 2eV; 

fc(0,l) 

d{xoi, ^ aijXij) < eo/8, 

and 

Deoixoi) C s/SV + xoi, 

where aij > 0, ^^ij = 1 is such that Sq < s/8. 

Let £i > be such a number that < £i < So/2, xij — xqi ^ {s + £i)V, Dg^(^j.^_.^ C 
s/8V + xij and Ds^{xij) n [{e + ei)V + xqi] = for aU j = 1, 2, . . . , /c(0, 1) =: n(0). 

For every xim take (a;2j) C K {j = k{l, m — 1) + 1, . . . , k{l,m)) so that 

k{l,m) 

d{xim, ^ '^2jX2j) < £l/4 

j=fe(l,m-l)+l 

and 

fc(0,l) fc(l,m) fe(0,l) 

Ji=l j2=fc(l,m-l) + l Ji=l 

where > 0, ^^^^1'^} m-i)+i '^2^2 = 1 continuity of the metric d; see the 

next step). 

Let n(l) = /c(l,n(0)) and £2 be such that < £2 < ei/2, a^im — X2j ^ {s + £2)V, 
De2{x2j) 1^ + a^2j and Dg:^{x2j) n [(£ + £2)1^ + xirn] = for every pair of indices 

m = 1, 2, . . . , 72(0) and j = k{l, m — 1) + 1, . . . , k{l, m). 

Now, find a ^2 > 0, ^2 < ^2/4^, with a property that it follows from {x2j) C B and 
maxj d{x2j,X2j) < S2 that for all m = 1, 2, . . . , k{0, 1) 

A;(l,m) /s(l,m) 

j2=k{l,m-l)+l j2=k{l,m-l) + l 

and 

fc(0,l) A;(l,m) fc(0,l) fc(l,m) 

XI "iJi XI «2j2a;2i2, X X «2j2 52i2) < £2/4^ 

= l j2=A;(l,m-l)+l Ji = l j2=fc(l,m-l) + l 
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For every X2m take (0:3^) G K {j = k{2, m — 1) + 1, . . . , k{2, m)) so that 

X2m - X3j ^ 2eV, 
k{2,m) 

d{x2m, XI Q!3ja^3j) < (^2 (< £2/4^), 

j=fe(2,m-l)+l 

where a^j > 0, ES5Jm-i)+i «3j = 1- Putting X2j := ES5Jm-i)+i "s^a^sj, we get 
the corresponding three inequahties combining the last ones. 
And one more step (of induction). 

Let n{2) = /c(l,n(l)) and let £3 be such that < £3 < £2/2, X2m — a^sj ^ + £^3)^5 
-D£3(a;3^.) C e/8 V + xsj and Dg^{x3j) fl [(£ + £3)^ + X2m] = for every pair of indices 
m — 1,2, ... , n(l) and j — k{2, m — 1) + 1, . . . , k{2, m). 

Find a (^3 > 0, (^3 < £3/4^ such that it follows from {x^j) C B and maxj d{x3j, xsj) < 
S3 that for all m2 = 1,2, ... , n{l) and mi = 1,2, ... , n{0) : 

k{2,m2) fc(2,m2) 
j3=fc(2,m2-l) + l J3=fe(2,m2-1) + 1 



fc(l,mi) fc(2,m2) 
XI "2j2 X 

^3^33^ 3^3; 

j2=fc(l,mi-l) + l J3=fe(2,m2-1)+1 

fc(l,mi) A;(2,m2) 

X "2j2 X «3j353i3) < £3/4^ 

j2=fe(l,mi-l)+l j3=A;(2,m2-l)+l 

and 

fe(0,l) fc(l,mi) fc(2,m2) 

X "iJi X "2i2 X 0^3i3^3i3, 

Ji = l j2=fc(l,mi-l)+l J3=fe(2,m2-1) + 1 

fc(0,l) fe(l,mi) A;(2,m2) 

X X "2j2 X «3i3%3) < ^3/4^ 

= l j2=A;(l,mi-l)+l J3=fc(2,m2-1) + 1 

For every X3m2 ("^2 = ""-(l)) take {x4j) C K {j ^ k{3, m2 - 1) + 1, . . . , /c(3, 1712)) 

so that 

^2eV, 

fe(3,m2) 

C^(a^3m2> X «4ja^4j) < (^3 (< £3/4^), 

j=fe(3,m2-l) + l 

where q;4j- > 0, E^S^is-iRi = P^^^ing ^3^3 — Ej=fc5i2-i)+i "4j^4j, we get 
four corresponding inequalities combining the last ones. 
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Then, let n(3) = k{2,n{2)) and let £4 be such that < £4 < £3/2, — ^Aj ^ 
(£ + £4)V, ^£4(a;4,) C £/8F + 0:4^ and Ds^XAj) n [(£ + £4)1^ + x^rn] = for every 
corresponding pair x^rmX/^j etc. 

We think that induction is clear. 

By this induction, we get a subset {xim)i,m C K with properties like ones just indi- 
cated above for a part of the set. Having this sequences (a;im)^'(^^=V (with n(— 1) — 1) 
and (£i)i^o mind, we, for any q = 1,2, i = 0,1,2, .. . and m = 1,2, ... , n{i — 1), 
put 

k{i,m) k{i+l,jm+l) 

(p{i, m; q) := ^ XI «i+2j^+2 

Jm+l=A;(i,m-l) + l J^+2=fe(i+l Jm+1-1) + 1 

fe(i+2Jm+2) fcCl+g'-l Jm+q-l) 

Jm+3=A;(i+2,jiV„+2-l)+l j^+<,=A;(i+q-l,jiV„+<,_i-l)+l 

Then, by triangle inequality, d{ip{i, m; q),Xim) < £i and d{(p{i, m; qi), (p{i, m; 52)) — >■ 
0. Therefore, for any i and m, there exists zim G co"i^ for which Lp{i, m; q) — )■ in B 
and 

(z) d(^Zi^,Xi^^ ^ £j, 
A;(i,m) 

j=/e(i,m— 1)+1 

To obtain the second equality, it is enough to compare the definition of (p{i, m; q) with 
corresponding formulas for ip{i, m; m + 1) and (p{i + 1, j^+i; q) to note that 

k{i,m) 

<f{i,m;q + l) ^ ^ ai+ij^^^[(fi{i + 1, jm+i] q)]- 

jm+i=k{i,m-l) + l 

Taking a limit, as g — )■ -l-cxo, we get (ii). 

Fix i = 1,2,...; m = 1,2,..., n{i — 1) and j = k{i, m — 1) + 1, . . . , k{i, m). Since 
Xim —Xi+ij ^ (e -|-£j_|_i)F, we get from (i) and the construction that, e.g., Zim — Zi^ij ^ 
{e/10)V. Together with (ii), this gives us a contradiction. 

§2. Main Theorem 

The proof of the following simple assertion can be given by a reader: 

Lemma.. Let E be a locally convex vector space and let B G E be closed bounded 
convex sequentially complete and having the property that for every M <Z B and for 
X & M there exists a sequence Xn & M such that lima;^ = x. If B is not V-dentable 

n 

then there exists a countable set A C B which is not V-dentable 



Proposition and Lemma yields the following theorem. 
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Theorem.. Let E be a locally convex vector space, V is a neighborhood of zero in E and 

let B d E have the following properties: (i) it is closed bounded convex and sequentially 
complete; (ii) for every M C B and for x E M there exists a sequence Xn E M such 
that lim„ Xn — x; {iii) each separable subset of B is metrizable. 

Then the following are equivalent: 

{i) B is subset V -deniable; 

{ii) B is subset V-f-dentable. 
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